1EEE JOURNAL OF ROBOTICS AND AUTOMATION, VOL. RA-2, NO. 1, MARCH 1986 53

Reachable grasps on a polygon: the convex rope algorithm geometric construction to awtomated grasp planning. The algorithm may
. also be useful in image interpretation and graphics where efficient
M. A. Peshkin and A. C. Sanderson computation of visible points is important. The direct application of the
IEEE Transactions on Robotics and Automation 2:1 (1986) algo'rithr?l is ref!ricted to lfvo dimensions' SiIICE' sequential ordering of
vertices is required, Extention to three dimensions would rely on well

chosen intersecting or projective planes.

[. BACKGROUND AND MOTIVATION

An algorithm that efficiently finds the externally visible vertices of a
polygon and the range of angles from which each is visible is
described in this paper. The associated geometric constructions,
called convex ropes, provide much useful information for robot
grasp selection and planning involving polyhedral objects. They may
also be useful for image interpretation and graphics, where efficient
computation of visible points is essential for analysis in terms of
image projections.

Currently, when a robot grasps an object, the details of the motion
have generally been specified in advance by a human programmer
with detailed knowledge of the object geometry. If robots are to
become less dependent on task-specific programming, grasp selection
based on stored geometric models is one of the functions that must be
automated.

The grasping problem is to find surfaces on an object, and a
configuration of a robot’s fingers, satisfying the following three
conditions [3].

1) The fingers must be in contact with the object.

2) The configuration must be reachable; i.e., there must be a
collision-free path for the robot to get to the grasping
configuration.

3) The object must be stable once grasped; i.e., it must not slip
during subsequent motion,

Evidently the grasping problem is intimately related to the
collision-avoidance problem. However, in collision-avoidance, one
effective strategy is to find ‘‘safe’” paths. Conservative approxima-
tions may be made to guarantee that collisions will not occur. For
instance, a stationary obstacle may be represented by its convex huil.
If a moving part does not intersect the obstacle’s convex hull, surely it
will not intersect the obstacle. But there may be motions that are
deemed unavailable by this methed, even though in fact they are
collision-free.

In grasping, such conservative approximations may be useful in
planning approach, but the contact requirement makes them inappro-
priate for generating the grasps. The grasping configuration itself is a
marginal collision: the robot fingers touch the object.

There is also the requirement of stability of the object within the
grasp. What may first come to mind here are quantitative physical
characteristics of the grasp such as is resistance to slippage when a
certain force is applied. However, even more basic stability
requirements must be met first, many of which are qualitative
geometric characteristics.

In this paper we will restrict ourselves to two-fingered robots,
where the fingers are straight and parallel: the classic two-jaw
gripper. In this context three of the geometric requirements on a
grasp are as follows.
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2) Reject those configurations which do not satisfy the geometric
requirements.

1) Reject those configurations which are not reachable by the
robot fingers.

4) Cheose among those that remain on the basis of stability or
other goals.

For an object with # edges or surfaces, the number of candidate
grasps generated in step 1 is of order n22. In addition, there is a class
of grasps that is not found at all by this strategy. Often a single finger
may touch an object at two vertices that are not connected by an
object surface. Fig. 1 shows a grasp made up of two such virtual
surface contacts (ncither of which is a segment of the convex hull of
the abject.) The existence of this type of grasp was noted (though not
treated) in [4]. To the best of our knowledge, all previous grasp
generation procedures would fail to produce the grasp shown in Fig.
1. Consideration of such grasps further increases the number of
candidate grasps.

Steps 2 and 3 require geometric computations comparing each
grasping surface with many other surfaces of the object. For intricate
objects, these calculations can become unwieldy. Qur approach is to
integrate some of the grasp selection criteria into the grasp generation
procedure, climinating subsequent testing and rejection. Our ap-
proach is to

1) generate only the set of edges, pairs of edges, or surfaces which
are reachable by a single infinitely thin robot finger;

2} form pairs which satisfy the geometric requirements; and

3) choose among those on the basis of stability or other goals.

In the following sections we introduce a new gecmetric construc-
tion, called the convex rope, and an algorithm that computes it. The
aigorithm efficiently performs step . It also provides most of the
information needed for step 2. Step 3 will not be addressed in this
paper.

The algorithm, and the rope construction as well, apply directly
only to two-dimensional polygons. Some three-dimensional objects,
such as extrusiens and punched parts, have one uninteresting axis.
Their cross-section contains all the information about the object. In
these cases the rope construction can be applied to the cross section.

More complicated three-dimensional objects may be treated by
consideration of the intersection of the object with well-chosen
planes, vielding two-dimensional figures. This projective approach
has been applied successfully in other collision-avoidance and grasp
selection problems [7], [1], [9], (5], [2).

II. INTRODUCTION

The rope algorithm is based on an order 7 convex hull algorithm
[8). It capitalizes on the orderly traversal made by the convex hull
algorithm of all the vertices of a polygon. A similar traversal of the
vertices allows the rope algorithm to extract geometric information
about the interior pockets and folds of a complicated figure.

A vertex of a polygon is externally visible if a line can be drawn
from it to infinity without intersecting the polygon. Such a vertex can
be seen from some angle, with the observer in the plane of the
polygon. Conversely, if a vertex is not externally visible, it can not be
seen from any angle. and, for instance, no attention need be given to
it in a graphics display. An entire polygon may be externally visible,
but we will be concerned here with finding the externally visible
vertices of a general polygon.

For each externally visible vertex x there is a continuous range of
angles from which it is visible {as in Fig. 2). At either end of the
range the line-of-sight to the vertex x is obstructed by some other
vertex of the polygon. In Fig. 2 these two vertices are labeled a and
b. Onc of the functions of the rope algorithm is to identify the two
obstructing vertices.

At either end of the range described above, the line-of-sight grazes
the ohstructing vertex. As in the example shown (Fig. 2}, in many
cases the line-of-sight intersects some other segment of the polygon,
called the shadowed segment, after grazing the target vertex x. The
algorithm also identifies the shadowed segment.

Fig. 1. Parallel virtuat surfaces (dashed) which form a grasp of the polygon
(solid).
shadowed segment
‘.'r range ‘\‘\\
Fig. 2. Range of angles from which point x is externally visible, and the

construction defining the shadowed segment.

Only points of the polygon that are externally visible are reachable
by straight fingers in the plane of the polygon. In addition to
individual points, some entire edges of the polygon are reachable, If
the two vertices that delimit an edge of the polygon are both visible
from the angle of that edge, then both can be touched simultaneously
by a straight finger at that angle. In this case the finger makes contact
with the entire edge.

It is also possible for a pair of vertices that do not delimit an edge to
be simultaneously reachable from the angte of the line formed by the
two vertices. In this case a straight finger may make contact with both
vertices simultaneously, forming a two-point contact with the finger,
or virtual surface contact. In Fig. 2 vertices ¢ and x form a virtual
surface. The algorithm provides the information needed to determine
simultaneous reachability of two vertices. It also identifies, for each
vertex, the other vertices which are candidates for the formation of a
virtual surface contact.

Finaily, if a finger is in contact with an edge or a virtual surface, its
end can extend beyond the end of the edge or the more distant vertex
of the virtual surface. It is obstructed only when it extends far ¢cnough
to intersect the shadowed segment described above, which is also
identified by the rope algorithm.

III. RoPE CONSTRUCTION

Consider a simple polygon P described by a sequence of points in
the plane (x;, y;) which are consecutive vertices of the polygon. We
will refer to the vertices by their sequence number /, i.e., vertex 3
means the point (x3, ¥3). The only constraints on the points are that
the polygon described by them must be closed, and that one edge of
the polygon must not intersect another. These requirements give the
polygon a well-defined interior,

The sequence of vertices may be a clockwise (CW) or a
counterclockwise (CCW) description of the polygon. In a CW
description, the interior of the polygon is to the right of the vector
from one vertex to the next; in a CCW description, the interior of the
polygon is to the left of the vector.

If P has i vertices, we define vertex 0 to be equivalent to vertex #.
Also, we choose our starting vertex 0 so that it is an extremal point in
the negative x direction. This insures that 0 is on the convex hull, The
convex hull of P is a simple polygon whose vertices are some of the
vertices of P. A description of the convex hull is the sequence of
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vertices {C, K = 0, 1, 2 + -+ m} which is a subsequence of the
integers. Let vertices {0, 1 --- n} be a CCW description of P.
Sufficient conditions for {C} to be a description of the convex hull of
P are as follows.

l) CO = 0, Cm =n.

2y {C} is convex: every vertex C; is left of line(Cy,, Cv)), i.e.,
makes a left turn.

3) {C} is external, meaning that if a vertex f satisfies C;| < j <
C; then  is left of line(C.,, C)).

The CCW convex rope to an externally visible vertex j is, like the
convex hull, described by a subsequence {R;, k = 0,1,2 -+ p} of
the integers. We require Ry = 0, and R, = j. {R} must be convex
and external. Unlike the convex hull, the convex rope is not a closed
polygon. An example of a CCW convex rope is shown in Fig. 3,
where R, the convex rope toj = 9, is {0, 3, 4, 6, 9}.

The CCW convex rope is the shortest path from vertex 0 to vertex
J, external to the polygon, subject to the constraint that it be a CCW
path; that is, it must be described by an increasing subsequence of the
integers.

The CW convex rope to a vertex j is the obvious analogous
construction described by a decreasing subsequence of the integers
starting with Ry = n (which is identical to vertex 0), and ending at R,
= j_

The CW and CCW convex ropes to vertex j together constitute a
cardioid hull of the polygon (Fig. 4). If j happens to be on the convex
hull, then the cardioid hull and the convex hull are the same. If § is not
on the convex hull, the cardioid hull has a single point (vertex jf) at
which it is not convex.

The cardioid hull may be thought of as the shortest path around the
polygon, external to it, that passes through vertex j. (Removing the
requirement that the path pass through vertex f leaves a definition of
the convex hull.) There is a different cardioid hull for each vertex f,
so long as j is externally visible and is not on the convex huil.

The convex ropes have the important property that if {R,, & = 0,
1, 2 +++ p} is the CCW convex rope to R,, then the truncated
sequence of vertices {Ry, k = 0, 1,2 --- g} (where ¢ < p) is the
CCW convex rope to R,. It is therefore possible to arrange the
externally visible vertices of the polygon in a tree structure (Fig. 5).
Each vertex f has a pointer called source; to its parent vertex in the
tree. Souree; is the vertex which immediately precedes j on the CCW
convex rope to j. That is, if f = R, source; = R, .

The entire CCW convex rope to any vertex j can be read off
(backwards) as {j, source(j), source(source(j)), source{source-
(source(f))}, --- 0}. Information sufficient to generate the CCW
convex rope to all of the externally visible vertices of the polygon is
storcd by having a single pointer from each vertex to its source.
Obviously the same applies to the CW convex ropes. In general v ¢
need two pointers from each vertex: a CW source and a CCW source.

Recall that the last vertex () of the polygon is equivalent to the
first (0), and that it was chosen to be on the convex hull. The CCW
convex rope to a1 is the convex hult of the polygon, and source, is a
vertex on the convex hull. Since the CCW convex rope to vertex 0 is
a sequence containing only one element, namely 0, sourcey is
undefined. It is convenient to define source, = source,. This
removes the uniqueness of vertex 0 as the starting point of all of the
ropes.

With this definition, we have introduced a loop (Fig. 6) into the
tree described earlier (Fig. ). The root node of the tree is identified
with one of the terminal nodes. In reading off a convex rope
(backwards) as {j, source(j), source(source(j)), source(source-
(source(s)), -+ +} there is no longer a final term. When the term 0 is
encountered, the sequence goes into a repeating cycle consisting of
those vertices on the convex hull. Note that there is nothing unique
about vertex 0 once sourcey has been defined. There is no way to
distinguish vertex 0 from any other vertex on the convex hull, by
looking only at the looped tree.

As can be immediately seen in Fig. 4, the rays from vertex j to its
CCW source and CW source define a range of angles. Any ray from j

3 4
Fig. 3.

Counter-clockwise convex rope to j.

Fig. 4. Cardioid hull of the polygon, constructed for vertex j.

Tree structure of the CCW convex ropes to all the externally visible
vertices.

2,

Fig. 6. Looped tree structure of the CCW convex ropes.

Fig. 5.

intermediate between these two rays will not intersect the polygon;
any ray outside of their range will intersect the polygon. If j is lacking
a CW source or a CCW source (or both), as for example vertexj + 2
in Fig. 4, then § is not externally visible: all rays from j intersect the
polygon.

Each pair (f, source;) is an reachable grasping surface. Some of
these are also real surfaces of the polygon, while others, such as the
dotted line in Fig. 7, are virtual surfaces defined by two points. A
single, straight, and infinitely thin finger in the plane of the polygon
can make contact with the polygon on just these reachable grasping
surfaces. One of the geomeltric requirements imposed on the selection
of a pair of grasping surfaces is that the object must touch the fingers
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Fig. 7. Construction showing the relationship of j, source(f), and sha-

dow(j), as used in the convex rope algorithm.

either on the inner surface of both fingers or on the outer surface of
both fingers, but not one of each. This "‘matter distribution’’
requirement can be fulfilled by choosing the surface one finger is to
contact from among the CW class of ropes, and the other surface
from among the CCW class.

A surface (or virtual surface) (f. source;) is matched with a
parallel surface from the opposite class. To avoid choosing pairs that
are reachable only from opposing sides, one need only note the
distinction between parallel and anti-parallel surfaces. Surfaces are
parallel if their rays (f, source;) are parallel.

An additional useful piece of geemetric information is available.
For each externally visible vertex j, the ray originating at j and
passing through source; clearly does not intersect the polygon. The
ray originating at source,; and passing through j does intersect the
polygon, unless j happens to be on the convex hull (Fig. 7). The
segment of the polygon that the ray first intersects is designated
(shadow; — 1, shadow,), and is found by the algorithm.

By finding the imtersection of the ray(source;, j) with segment-
(shadow; - 1, shadow;}, we can also find the amount of clearance
behind the interior point of contact (f ) with the finger. This is just the
distance from j to the point of interscction. This information is
necded when attempting to pair the grasping surface with another
one.

CONVEX HULL ALGORITHM

Input

1y {x;, ¥, for 0<i<n, are the Cartesian coordinates of the
vertices of the polygon.

2) Vertex 0 is extremal in the negative x direction.

3) Vertices 0 and n are equivalent.

4) The polygon is traversed in a CCW sense with increasing
subscript.

Output
stack; are the vertex numbers of the vertices on the convex hull.

Algorithm
1) Definition of function CCW{k, j, i}, ranging from — 7 to 7:

if (k= —1)CCWI{k, j. /) =the CCW angle from the positive x-
axis to ray((x;, y; X, ¥)).

if (k=0) CCW(k, j, i) =the CCW angle from
eay((xe, v, v)) to ray((x;, y; M, yid)-

2) Initialize

stackge— — 1

stack, <0 stack,+1

pathangl; <0  pathangl,—ccw(—1, 0, 1)
cumang] +-pathangl,

spe2

3) Compute

for i=2ton

Update cumangl and pathangl:
cumangl+cumangl + CCW({i -2, i—1, D)
pathangly, . ; «— pathangl, + CCW(stack,p.; ,stackp, i)

Test for disagreement:
if pathangl,,, (-cumangl > 0,1
Rejecti — L.
spesp — 1
pathangl,, , | < pathangl,, + CCW({stack,p., ,stack,, i)
Test for right turn:
while sp>> 1 and pathangl, , , < pathangl,,

Reject stack:
spesp — |
pathangly, < pathangl,, + CCW(stack,,.,stacke,. £)
spesp+ 1l
stack, i
end

V. CCW CoNVEX ROPE ALGORITHM
Input

) (x;, y;), for 0<i=n arc the Cartesian coordinates of the
vertices of the polygon.

2) Vertex 0 1s extremal in the negative x direction.

3) Vertices 0 and » are equivalent.

4) The polygon is traversed in a CCW sense with increasing
subscript.

Quiput

1) stack; are the vertex numbers of the vertices on the convex hull.

2) source; is the vertex preceding § on the CCW convex rope to i

3) (shadow;— 1, shadow,) is the segment that first intersects
ray(source;, )

Algorithm
1y Definition of function CCW(k. 4, ), ranging from ~ xto 7

if (k= —-1)CCW(k, j, i) =the CCW angle from the positive x-
axis to ray((x;, ¥, )(x;, )}

it (=0} CCW(k, j. )=the CCW angle from
ray{(xe, )0, ;) to ray((x;, ¥;)x;, ¥i))

2) Initialize

stackg+ — 1

stack,+ 0

stack,+ 1

pathangl, <0

pathangl, ~CCW(—-1, 0, 1)

cumangl, < pathangl,

sp2

source, +— 0

mostew(0y< {1}

3

—

Compute

fori=2twon
Update cumangl and pathangi:
cumanglcumangl; ., + CCW{y~2, /-1, )
pathangl,, . ; < pathangl,, + CCW(stacky, - ,,stacky,, #)

Test for disagreement:
if pathangly, . | — cumangl;> 0.1

Reject | — I:
spesp-1
pathangl,, , | < pathangl,,
+ CCW(stack,, . | stack,, i)

Test for right turn:
while sp> 1 and pathangl,, , | < pathangl,,
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Reject stack,:
shadow(stack,,) i
spesp—1
pathangl,, . | —pathangl,, + CCW(stack, _,stackg,, )
let v at all times represent the last element of mostcw(stack,,)
while CCW((stackg,, v, 1)>0
if segment(stackg,, v) intersects segment(f— 1, i)
or if pathangl,, + CCW (stackg, ,stacky, v)
+CCW(stack,,, v, v+ 1)
—cumangl, , ; > 0.1

Old most-CW Is invalid:
source, &« — 1, v<x<J
unlink last element of mostcw(stack,,)

else

Stack,, is wrong—Extend the path:
pathangl,, . < pathangl,, + CCW(stack,, - ,stacke, i)
sp—sp+1
stack, v
source; —stack,,
link / to mostcw{stackgp)
sp—sp+ 1
stackp i

SOUICEy “— SOUTCE,
end

VI. DESCRIPTION OF CCW CONVEX ROPE ALGORITHM

The CCW convex rope algorithm is built upon an order n
algorithm for finding the convex hull, described fully in [8].

Both algorithms make use of a cumulative angle calculated for each
side of the polygon. A vector from vertex § — 1 to vertex i will be
called vecter({ — 1, {). We associate the cumulative angle of this
vector with vertex /, calling it cumangl(i).

Cumangl(1) is detined to be the angle of vector(d, 1) with respect
to the positive x-axis. Each subsequent cumulative angle, cu-
mangk({), is obtained from the previous cumulative angle cumangh(i
— 1), by adding 1o it the CCW angle from vector(i — 2,7 — I} to
vector(i — 1, I). If vector(i — 1, i) is CCW (i.e., to the left) of
vector(f — 2, { — 1), we assign it a higher cumulative angle.
Cumangl{i) is just the angle of vector(i — 1, /) with respect to the x-
axis, but with an integer multiple of 2% added on. The cumulative
angte is not treated modulo 27.

Pathangl(/} is the angle of vector(stack(j — 1), stack(j)) with
cumangl, which is computed by following the edges of the polygon,
pathangl is computed by following segments of the convex path
defined by the vertices on the stack.

The algorithm as presented here finds the CCW ropes for a CCW
description of a polygon. By reversing all the comparisons, the CW
ropes for a CW description can be found. Of course a CCW
description can be transformed into a CW description by reversing
the sequence of the vertices.

In addition to the simple stack .used in the convex hull algorithm,
the convex rope algorithm uses several other data structures.

The array source; contains, at the completion of the algorithm, the
source vertex § for each exiernally visible vertex {. For most of the
vertices which are not externally visible, source; will be undefined
(as indicated by a negative value). Under certain conditions a CCW
source will be assigned to a vertex /, but no CW source will be
assigned when the algorithm is applied to the reversed object, (or vice
versa). Only externally visible vertices have both a CCW and a CW
source.

The array shadow, contains the value of / at which vertex j was
removed from the stack. Since i was the first vertex which could
temove f, (k, j, f — 1) must be convex (Fig. 8), while (k, f, {) is
concave. Therefore, line(k, j) must intersect segment(f — 1, f).
Since k is the source vertex for j, vertex i is shadow, .

Finaily, mostew(f) contains data used internally by the algorithm.
It can be thought of as a set of stacks, one for each vertex j, although
for economy of space it is best implemented as linked lists. The most

Fig. 8. Construction showing the relationship of j, &, and {, as used in the

convex rope algorithm.

recent element linked to list mostew(y) is the most CW vertex A
{measured from j), for which source, = j. When a new vertex i is
encountered for which source; = j, vertices j and A are compared to
see which is most CW from j.

If i is more CW than h, i is linked to list mostcw(j). If, however, {
is not more than 4, this indicates that j is not truly the source for both
i and h. There are three distinct cases where § is not more than CW
than A, as illustrated in Fig. 9. Vertex A could be A, B, or C, and in
each case the new ventex f is CCW of A.

If h = A, the path to { intersects the polygon. This results from the
removal of vertices from the convex path, which must now be
reattached. The proper response is to reattach 2 = A4 to the path
between j and i.

If & = B or C, then A in fact properly has no source; it is not
externally visible. The record of source vertices for h through i-1 is
destroyed. Vertex h is unliked from list mostew(j), leaving some
other vertex as the most CW (or none).

Case B can be recognized by the concavity of A = B with respect
to jand {. Case C can be recognized by the fact that the segment of the
polygon from i-1 to i intersects the segment of the convex path from j
to B = C. Case A is recognized as the absence of case B or €.

When the cause is found to be casc 4, vertices are added to the
stack. Unlike the convex hull algorithm, it is not assured that each
vertex is added to the stack once and removed at most once.
Therefore the algorithm may require more than order # steps. In Fig.
10 we have an exampie of a pathological object, which requires the
CCW rope to wind and unwind itself from the faceted curved surface
once for each tooth on the comb structure. With almost /2 facets and
n/4 teeth, this requires order n? steps,

We can loosely define cormplexity as the number of zigs and zags
of an object, or the number of turns needed to get to a point deep
inside it. Density is the number of vertices used in the description of a
feature of an object. Then the CCW rope will have to wind and
unwind a number of times similar to the compiexity, and each
winding or unwinding will involve a number of vertices similar to the
density. The expected number of steps is roughly the product of
complexity and density. Since the number of features is also similar
to the complexity, the total number of vertices will be roughly the
product of the complexity and the density. The number of vertices
and the number of steps required are expected to be of the same
order. In the absence of a theory of random polygons, we have not
been able to find the expected number of steps in a more rigorous
manner.

To test the algorithm, we have run it on 25 000 randomly
generated polygons, each having 53 or 58 sides. No errors were
encountered.

The rope algorithm has been timed for a wide range of randomly
generated polygons, as well as for several demonstration polygons.
The number of calls to the CCW function is a good measure of the
number of steps the algorithm requires. On polygons from size n =
10 to 1 = 1000, the number of calls to CCW was consistently close
to 8n. For comparison, the maximum number of calls to CCW in the
convex hull algorithm is 5x.



58 IEEE JOURNAL OF ROBOTICS AND AUTOMATION, VOL. RA-2Z, NO. |. MARCH 1986

Fig. 9. Three possible situations in which path-patching is needed.

n/4 teeth

n/2 facets

Fig. 10. Pathological object which causes the convex rope algorithm to use
its worst case number of steps.
VIL. CONCLUSION

The algorithm discussed above takes a polygon with 7 sides, and in
expected time of order n, identifies all of the externally visible

vertices and all of the reachable pairs of vertices. It determines the
available clearance of each surface or virwal surface found. Tt divides
the surfaces into two classes, so that by choosing one surface from
each to form a grasp, the matter distribution requirement 3] can be
fulfilled with no computation.

Previous strategies for grasp selection have been based on grasp
generators which produce mostly unreachable grasps, followed by
filters to remove the unreachable grasps. In the algorithm described
here appropriate geometric constructions are used to avoid generating
the unreachable grasps. For objects of substantial complexity, this
strategy results in reduced computational complexity for the grasp
selection process.
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Reachable grasps on a polygon: the convex rope algorithm (pdf file)
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Abstract:

We describe an algorithm which finds the externally visible vertices of a polygon, and which
generates a new geometric construction we call the convex ropes of each visible vertex. The
convex ropes give the range of angles from which each vertex is visible, and give all the pairs of
vertices which are reachable by a straight robot finger. All of the convex ropes can be found in
expected time order n, where n is the number of vertices of the polygon. We discuss the
application of this geometric construction to automated grasp planning. The algorithm may also
be useful in image interpretation and graphics where efficient computation of visible points is
important. The direct application of the algorithm is restricted to two dimensions since sequential
ordering of vertices is required. Extention to three dimensions would rely on well chosen
intersecting or projective planes.

Keywords:

grasping, reachable, planning, external visibility, polygon, convex rope, convex hull, algorithm,
C-space, computational geometry

/* ccw.c  Wed Feb 27 13:09:01 1985 m.peshkin(CMU) */
/* return angle from (k,j) to (J,i) 1in range -pi to +pi */

double ccw(k, j, i)

int k, j, i;

{ _
extern int sense, n, x[], YL[l:
double sine, cosine, arctan;
double x0, yO, x1, y1;
double atan2();

if (k<0){ /* 1T k is fake (-1) use angle to x axis instead */
x0 = 1;
y0 = 0;
else {
x0 = x[j] - x[Kk]:
yo =yl - yIkl;
}
x1 = x[i] - x[j1;
yl = yLil - y[il;
sine X0 * yl - x1 * yO;

cosine
arctan

X0 * x1 + y0O * yi;
atan2(sine, cosine);

return((float) sense * arctan);

/* heart.c Wed Feb 27 13:09:01 1985 m.peshkin */
/* run rope.c CCW and CW */



double heart(source, shadow)
int source[2][2000];
int shadow[2][2000];

/* rope-origin [CCW/CW][point i] */
/* rope extention stoppers */

{
extern int n; /* number of points in object (0 to n-1) */
extern int sense; /* +1 for CCW ropes, -1 for CW ropes */
extern int x[1, yLl; /* X, y coords of points */

int itemp, i;
double rope(Q);

/* Ffind CW ropes */

for (1=0; i<=n/2; i++) { /* renumber object*/
itemp = x[i];
X[i] = x[n-i];
X[n-i] = itemp;
itemp = y[i],
yLil = yI[n-il;
y[n-i] = itemp;
}
sense = -1;
rope(source[0],shadow[0]); /* CCW ropes algorithm */
for (i=0; i<=n/2; i++) { /* renumber object back */

itemp = x[i];

x[i] = x[n-i];
X[n-1] = itemp;
itemp = y[i];
yLil = yI[n-i];
y[n-i] = itemp;
}
for (i=0; i<=n; i++) { /* renumber answers, too */
it (source[O0][i] < O) source[l][n-i] = -1;
else source[1][n-i] = n - source[O][i];
it (shadow[O][i] < O) shadow[1][n-i] = -1;
else shadow[1][n-i] = n - shadow[O][i] + 1;
}

/* find CCW ropes */

sense = 1;
rope(source[0],shadow[0]);

return;

/* readob.c Wed Feb 27 13:09:01 1985 m.peshkin(CMU) */
/* read in points and rearrange; return n */

readob()
{

extern int n, x[1, vI[1;
int 1, min;
/* read in */

for (n=0; scanf('%d %d', &x[n], &y[n]) == 2; n++);



/* find a point on the hull (leftmost) */

min = 0;
for (i=0; 1 x[min] ) {
min = i;
}
}
/* rearrange the list to put that point at O and n */
for (i=0; i<=min; i++) {
x[n+i] = x[i];
y[n+i] = y[i];
for (i=0; i<=n; i++) {
X[1] = x[i+min];
yLi] = y[i+min];
for (i=0; i<=n; i++) {
x[i+n] = x[i]:
yLi+n] = y[i];
return;
LSO
rope.c
/* rope.c  Wed Feb 27 13:09:01 1985 m.peshkin(CMU) */

/* find convex ropes of vertices of a CCW polygon */
/* based on sklansky scan with bykat detection */

rope(source, shadow)
int source[], shadow[];

extern int n, x[1, vIl;

int mcw[2000], vtx[2000], nxt[2000];

int sp, hul[2000]; /* stack for vertices */

double cum[2000]; /* cumulative angle of polygon edge (i-1, i) */
double ang[2000]; /* angle of virtual edge hul[i-1], hul[i] measured */
double angvpo; /* by following the convex path from hul[0] */
double ccw(); /* ccw(i,j,k) is CCW angle from (i,j) to (g.k) */

int i, j, m v, rm, xs, p, q;

int Kill, dead, link, space;

/* initialize */

space = O;

for (J=0; j<=n; j++) mcw[j] = source[j] = shadow[j] = -1;

hul[ sp =0 1] = -1;

angfl sp = 0] =0.; /* (undefined) */

hul[ sp =1 1] = O;

angL sp=11] = 0.; /* by definition */

hul[ sp =217 = 1;

angl sp = 2 ] = cew(-1, 0, 1); /* angle (wrt x axis) of (0,1) */
source[l] = O; /* the rope to 1 came from 0 */

mcw[0] = space++; /* pointer to the most-CW rope from 0 */
vex[mew[0]] = 1; /* the most-CW rope from O goes to 1 */
nxt[mecw[0]] = -1; /* there is no next-most-CW rope from 0 */
i = hul[sp]l; /* to be advanced immediately */

cum[i] = ang[spl:;
/* convex hull algorithm */

while ( i++ <n ) {
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cum[i] = cum[i-1] + ccw(i-2, i-1, i); /* cum angle of (i-1, i) */
ang[sp+1] = ang[sp] + ccw(Chul[sp-1], hul[sp], 1);

if ( ang[sp+1l] - cum[i] > .1 ) { /* bykat? */

>
c

p—
i
©

el
1
-

ang[sp+1] = ang[sp] + ccw(Chul[sp-1], hul[sp], 1);

while ( sp > 1 && ang[sp+1] <= ang[sp] ) { /* turned right? */

shadow[hul[sp]] =
sp--;
ang[sp+1] = ang[sp] + ccw(hul[sp-1], hul[sp], 1);

/* patch up convex path */

}

while (( m=mcw[ j=hul[sp] ] ) >= 0 && ccw(j, v=vtx[m], i) > 0) {

/* v is more CW than i. find out if v is removable: */
/* it is if seg(i-1, i) intersects rope(J, Vv) */

((XLIT-XIVD*(YLi-11-y[i D+ IVI-yLi D * (xLi-11-x[i 1)) ;

_(xO1-xIvD*(yLi-1] y[ ]) O1-yIvD*Li-11-x[i1));
=@ ==0 Il ((q!= 0)

((float) p/q >= 0.) &

((float) p/q <= l-)),

/* and i1t is if v is concave */

p
q
X

angvpo = ang[sp] + ccwChul[sp-1], J, V) + ccw(, Vv, Vv+1l);
( angvpo - cum[v+1l] > .1 );

it Crm|]] xs) { /* is v removable? */
/* yes: cut every rope destination back to v */

mew[J] = nxt[mcw[jl]:
for (kill=i-1 ; kill >= v; kill--) {
dead = source[kill];

source[kill] = - v;
if (dead < 0) kill = - dead; /* accelerated */
}
else { /* no: run down the rope */
ang[sp+1] = ang[sp] + ccwChul[sp-1], J, V);
hul[++sp] = v;
}
}
source[i] = j; /* rope to i came from j */
link = mew[j]; /* (linked list maintainance) */
mcw[j] = space++;
nxt[mew[j1] = link;
vix[mew[j]] = 1; /* mcw rope from j goes to i */
hul[ ++sp ] = i; /* accept i */

source[0] = source[n];
return;
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Text of paper:

IEEE Transactions on Robotics and Automation 2:1 (1986) REACHABLE GRASPS ON A POLYGON: THE CONVEX ROPE ALGORITHM
M. A. Peshkin A. C. Sanderson Robotics Institute Carnegie-Mellon University ABSTRACT We describe an algorithm which finds the externally
visible vertices of a polygon, and which generates a new geometric construction we call the @i(convex ropes) of each visible vertex. The convex
ropes give the range of angles from which each vertex is visible, and give all the pairs of vertices which are reachable by a straight robot finger.
All of the convex ropes can be found in expected time order @i(n), where @i(n) is the number of vertices of the polygon. We discuss the
application of this geometric construction to automated grasp planning. The algorithm may also be useful in image interpretation and graphics
where efficient computation of visible points is important. The direct application of the algorithm is restricted to two dimensions since sequential
ordering of vertices is required. Extention to three dimensions would rely on well chosen intersecting or projective planes. KEYWORDS
grasping, reachable, planning, external visibility, polygon, convex rope, convex hull, algorithm, C-space, computational geometry Background
and Motivation @blankspace(.25 inch) This paper describes an algorithm which efficiently finds the externally visible vertices of a polygon and
the range of angles from which each is visible. The associated geometric constructions, called @i(convex ropes), provide much useful
information for robot grasp selection and planning involving polyhedral objects. They may also be useful for image interpretation and graphics,
where efficient computation of visible points is essential for analysis in terms of image projections. Currently, when a robot grasps an object, the
details of the motion have generally been specified in advance by a human programmer with detailed knowledge of the object geometry. If robots
are to become less dependent on task-specific programming, grasp selection based on stored geometric models is one of the functions that must
be automated. The grasping problem is to find surfaces on an object, and a configuration of a robot's fingers, satisfying three

conditions: @cite[Perez81] @begin(itemize) The fingers must be in contact with the object. The configuration must be reachable, i.e., there must
be a collision-free path for the robot to get to the grasping configuration. The object must be stable once grasped, i.e., it must not slip during
subsequent motion. @end(itemize) Evidently the grasping problem is intimately related to the collision-avoidance problem. However, in
collision-avoidance one effective strategy is to find paths which are "safe." Conservative approximations may be made to guarantee that
collisions will not occur. For instance, a stationary obstacle may be represented by its convex hull. If a moving part does not intersect the
obstacle's convex hull, surely it will not intersect the obstacle. But there may be motions which are deemed unavailable by this method, even
though in fact they are collision-free. In grasping, such conservative approximations may be useful in planning approach, but the contact
requirement makes them inappropriate for generating the grasps. The grasping configuration itself @i(is) a marginal collision: the robot fingers
touch the object. There is also the requirement of stability of the object within the grasp. What may first come to mind here are quantitative
physical characteristics of the grasp such as its resistance to slippage when a certain force is applied. However, even more basic stability
requirements must be met first, many of which are qualitative geometric characteristics. In this paper we will restrict ourselves to two fingered
robots, where the fingers are straight and parallel: the classic two-jaw gripper. In this context, three of the geometric requirements on a grasp are:
@begin(itemize) The object must touch the fingers either on the inner surface of both fingers, or on the outer surface of both fingers, but not one
of each. (The "matter distribution requirement"@cite(laugier81).) Surfaces that the fingers are expected to touch must be parallel. Such pairs of
parallel surfaces must be reachable from the same side. @end(itemize) Others may be found in@cite[laugier81] and@cite[wolter84]. Previous
approaches to automated grasp generation have followed this basic outline@cite[perez82]: @begin(enumerate) Generate a set of candidate grasp
configurations, typically by forming all pairs of edges or surfaces. Reject those configurations which do not satisfy the geometric requirements.
Reject those configurations which are not reachable by the robot fingers. Choose among those that remain on the basis of stability or other goals.
@end(enumerate) For an object with @i(n) edges or surfaces, the number of candidate grasps generated in step 1 is of order @i(n)@+(2). In
addition, there is a class of grasps which is not found at all by this strategy. Often a single finger may touch an object at two vertices which are
not connected by an object surface. Figure 1 shows a grasp made up of two such @i(virtual surface) contacts (neither of which is a segment of the
convex hull of the object.) The existence of this type of grasp was noted (though not treated) in@cite(perez76). To the best of our knowledge, all
previous grasp generation procedures would fail to produce the grasp shown in Figure 1. Consideration of such grasps further increases the
number of candidate grasps. Steps 2 and 3 require geometric computations comparing each grasping surface with many other surfaces of the
object. For intricate objects, these calculations can become unwieldy. Our approach is to integrate some of the grasp selection criteria into the
grasp generation procedure, eliminating subsequent testing and rejection. Our approach is to @begin(enumerate) generate only the set of edges,
pairs of edges, or surfaces which are reachable by a single infinitely thin robot finger. form pairs which satisfy the geometric requirements, and
choose among those on the basis of stability or other goals. @end(enumerate) In the following sections we introduce a new geometric
construction, called the @i(convex rope), and an algorithm which computes it. The algorithm efficiently performs step 1. It also provides most of
the information needed for step 2. Step 3 will not be addressed in this paper. The algorithm, and the rope construction as well, apply directly only
to two-dimensional polygons. Some three-dimensional objects, such as extrusions and punched parts, have one uninteresting axis. Their
cross-section contains all the information about the object. In these cases the rope construction can be applied to the cross-section. More
complicated three-dimensional objects may be treated by consideration of the intersection of the object with well-chosen planes, yielding
two-dimensional figures. This "projective" approach has been applied successfully in other collision-avoidance and grasp selection problems
@cite[perez83]@cite[ahuja80] @cite[wolter84]@cite[perez81] @cite[brooks83]. @newpage @section(Introduction) @blankspace(.25 inch) The
rope algorithm is based on an order @i(n) convex hull algorithm@cite[Peshkin-hull]. It capitalizes on the orderly traversal made by the convex
hull algorithm of all the vertices of a polygon. A similar traversal of the vertices allows the rope algorithm to extract geometric information about
the interior pockets and folds of a complicated figure. A vertex of a polygon is @i(externally visible) if a line can be drawn from it to infinity,
without intersecting the polygon. Such a vertex can be "seen" from some angle, with the observer in the plane of the polygon. Conversely, if a
vertex is not externally visible, it can not be seen from any angle, and, for instance, no attention need be given to it in a graphics display. An
entire polygon may be externally visible, but we will be concerned here with finding the externally visible vertices of a general pol ygon. For each
externally visible vertex @b(x) there is a continuous range of angles from which it is visible (as in Figure 2). At either end of the range the
line-of-sight to the vertex @b(x) is obstructed by some other vertex of the polygon. In Figure 2 these two vertices are labeled @b(a) and @b(b).
One of the functions of the rope algorithm is to identify the two obstructing vertices. At either end of the range described above, the line-of-sight
grazes the obstructing vertex. As in the example shown (Figure 2), in many cases the line-of-sight intersects some other segment of the polygon,
called the @i(shadowed) segment, after grazing the target vertex @b(x). The algorithm also identifies the shadowed segment. Only points of the
polygon which are externally visible are reachable by straight fingers in the plane of the polygon. In addition to individual points, some entire
edges of the polygon are reachable. If the two vertices which delimit an edge of the polygon are both visible from the angle of that edge, then
both can be touched simultaneously by a straight finger at that angle. In this case the finger makes contact with the entire edge. It is also possible
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for a pair of vertices which do not delimit an edge to be simultaneously reachable from the angle of the line formed by the two vertices. In this
case a straight finger may make contact with both vertices simultaneously, forming a two-point contact with the finger, or @i(virtual surface)
contact. In Figure 2 vertices @b(a) and @b(x) form a virtual surface. The algorithm provides the information needed to determine simultaneous
reachability of two vertices. It also identifies, for each vertex, the other vertices which are candidates for the formation of a virtual surface
contact. Finally, if a finger is in contact with an edge or a virtual surface, its end can extend beyond the end of the edge or the more distant vertex
of the virtual surface. It is obstructed only when it extends far enough to intersect the shadowed segment described above, which is also identified
by the rope algorithm. @newpage @section(The Rope Construction) @blankspace(.25 inch) Consider a @i(simple polygon) @b(P) described by
a sequence of points in the plane @b[(x@-[i], y@-[i])] which are consecutive vertices of the polygon. We will refer to the vertices by their
sequence number @b[i], i.e., @i[vertex 3] means the point @b[(x@-[3], y@-[3])]. The only constraints on the points are that the polygon
described by them must be closed, and that one edge of the polygon must not intersect another. These requirements give the polygon a
well-defined interior. The sequence of vertices may be a @i(clockwise) (CW) or a @i(counterclockwise) (CCW) description of the polygon. In a
CW description, the interior of the polygon is to the right of the vector from one vertex to the next; in a CCW description, the interior of the
polygon is to the left of the vector. If @b(P) has @b(n) vertices, we define vertex @b[0] to be equivalent to vertex @b[n]. Also, we choose our
starting vertex @b[0] so that it is an extremal point in the negative x direction. This insures that @b(0) is on the convex hull. The convex hull of
@b(P) is a simple polygon whose vertices are some of the vertices of @b[P]. A description of the convex hull is the sequence of vertices
@b[{C@-[K], k=0,1,2 ... m}] which is a subsequence of the integers. Let vertices @b[{0, 1 ... n}] be a CCW description of @b(P). Sufficient
conditions for @b({C}) to be a description of the convex hull of @b(P) are: @begin(enumerate) @b[C@-[0]] = @b[0], @b[C@-[m]] = @b[n]
@BI[{C}] is @i(convex): every vertex @b[C@-[i]] is left of @b[line(C@-[i-2], C@-[i-1])], i.e., makes a left turn. @B[{C}] is @i(external),
meaning that if a vertex @b[j] satisfies @b[C@-[i-1] < j < C@-[i]] then @b[]j] is left of @b[line(C@-[i-1], C@-[i])]. @end(enumerate) The
@i(CCW convex rope) to an externally visible vertex @b[j] is, like the convex hull, described by a subsequence @b[{R@-[k], k=0,1,2 ... p}] of
the integers. We require @b[R@-[0]] = @b[0], and @b[R@-[p]] = @b[j]. @b({R}) must be convex and external. Unlike the convex hull, the
convex rope is not a closed polygon. An example of a CCW convex rope is shown in Figure 3, where @b(R), the convex rope to @b(j) = @b(9),
is @b[{0, 3, 4, 6, 9}] The CCW convex rope is the shortest path from vertex @b[0] to vertex @b[j], external to the polygon, subject to the
constraint that it be a CCW path: that is, it must be described by an @i[increasing] subsequence of the integers. The @i[CW convex rope] to a
vertex @b([j] is the obvious analogous construction described by a decreasing subsequence of the integers starting with @b[R@-[0]] = @b[n]
(which is identical to vertex @b[0]), and ending at @b[R@-[p]] = @b[j]. The CW and CCW convex ropes to vertex @b(j) together constitute a
@i(cardioid hull) of the polygon (Figure 4). If @b(j) happens to be on the convex hull, then the cardioid hull and the convex hull are the same. If
@Nb(j) is not on the convex hull, the cardioid hull has a single point (vertex @b(j)) at which it is not convex. The cardioid hull may be thought of
as the shortest path around the polygon, external to it, that passes through vertex @b(j). (Removing the requirement that the path pass through
vertex @b(j) leaves a definition of the convex hull.) There is a different cardioid hull for each externally visible vertex @b(j), so long as @b(j) is
externally visible and is not on the convex hull. The convex ropes have the important property that if @b[{R@-(k), k =0,1,2 ... p}] is the CCW
convex rope to @b(R@-(p)), then the truncated sequence of vertices @b[{R@-(k), k =0,1,2 ... q}] (where @b(q) < @b(p)) is the CCW convex
rope to @b(R@-(q)). It is therefore possible to arrange the externally visible vertices of the polygon in a tree structure (Figure 5). Each vertex
@b(j) has a pointer called @b(source@-(j)) to its parent vertex in the tree. @b(Source@-(j)) is the vertex which immediately precedes @b(j) on
the CCW convex rope to @b(j). That is, if @b(j) = @b(R@-(p)), @b(source@-(j)) = @b(R@-(p-1)). The entire CCW convex rope to any vertex
@b(j) can be read off (backwards) as: @b[{j, source(j), source(source(j)), source(source(source(j))), ... 0}]. Information sufficient to generate the
CCW convex rope to @i(all) of the externally visible vertices of the polygon is stored by having a @i(single) pointer from each vertex to its
source. Obviously the same applies to the CW convex ropes. In general we need two pointers from each vertex: a @i(CW source) and a @i(CCW
source). Recall that the last vertex (@b(n)) of the polygon is equivalent to the first (@b(0)), and that it was chosen to be on the convex hull. The
CCW convex rope to @b(n) is the convex hull of the polygon, and @b(source@-(n)) is a vertex on the convex hull. Since the CCW convex rope
to vertex @b(0) is a sequence containing only one element, namely @b(0), @b(source@-(0)) is undefined. It is convenient to define
@b(source@-(0)) = @b(source@-(n)). This removes the uniqueness of vertex @b(0) as the starting point of all of the ropes. With this definition,
we have introduced a loop (Figure 6). into the tree described earlier (Figure 5). The root node of the tree is identified with one of the terminal
nodes. In reading off a convex rope (backwards) as: @b[{j, source(j), source(source(j)), source(source(source(j))), ...}] there is no longer a final
term. When the term @b(0) is encountered, the sequence goes into a repeating cycle consisting of those vertices on the convex hull. Note that
there is nothing unique about vertex @b(0) once @b(source@-(0)) has been defined. There is no way to distinguish vertex @b(0) from any other
vertex on the convex hull, by looking only at the looped tree. As can be immediately seen in Figure 4, the rays from vertex @b(j) to its CCW
source and CW source define a range of angles. Any ray from @b(j) intermediate between these two rays will not intersect the polygon; any ray
outside of their range will intersect the polygon. If @b(j) is lacking a CW source or a CCW source (or both), as for example vertex @b(j+2) in
Figure 4, then @b(j) is not externally visible: all rays from @b(j) intersect the polygon. Each pair @b[(j, source@-(j))] is an reachable grasping
surface. Some of these are also real surfaces of the polygon, while others, such as the dotted line in Figure 7, are virtual surfaces defined by two
points. A single, straight, infinitely thin finger in the plane of the polygon can make contact with the polygon on just these reachable grasping
surfaces. One of the geometric requirements imposed on the selection of a @i(pair) of grasping surfaces is that the object must touch the fingers
either on the inner surface of both fingers, or on the outer surface of both fingers, but not one of each. This "matter distribution™ requirement can
be fulfilled by choosing the surface one finger is to contact from among the CW class of ropes, and the other surface from among the CCW class.
A surface (or virtual surface) @b[(j, source@-(j))] is matched with a parallel surface from the opposite class. To avoid choosing pairs which are
reachable only from opposing sides, one need only note the distinction between parallel and anti-parallel surfaces. Surfaces are parallel if their
@i(rays) @b][(j, source@-(j))] are parallel. An additional useful piece of geometric information is available. For each externally visible vertex
@b(j), the ray originating at @b(j) and passing through @b(source@-(j)) clearly does not intersect the polygon. The ray originating at
@b(source@-(j)) and passing through @b(j) @i(does) intersect the polygon, unless @b(j) happens to be on the convex hull (Figure 7). The
segment of the polygon which the ray first intersects is designated @b[(shadow@-(j)-1, shadow@-(j))], and is found by the algorithm. By finding
the intersection of the @b[ray(source@-(j), j)] with @b[segment(shadow@-(j)-1, shadow@-(j))], we can also find the amount of @i(clearance)
behind the interior point of contact (@b(j)) with the finger. This is just the distance from @b(j) to the point of intersection. This information is
needed when attempting to pair the grasping surface with another one. @newpage @section(Convex Hull Algorithm) @blankspace(.25 inch)
@begin(flushleft) INPUT: @b[(x@-(i), y@-(i))], for @b[0 @math(@Ite) i @math(@Ite) n], are the cartesian coordinates of the vertices of the
polygon. Vertex @b(0) is extremal in the negative x direction. Vertices @b(0) and @b(n) are equivalent. The polygon is traversed in a CCW
sense with increasing subscript. OUTPUT: @b(stack@-(i)), for @b[0 @math(@Ite) i @math(@Ite) n], are the vertex numbers of the vertices on
the convex hull. THE ALGORITHM: @i(definition of function) @b{CCW(K, j, i)}, ranging from -@g(p) to @g(p): if (@b(k) = @b{-1})
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@b{CCW(K, j, i)} = the CCW angle from the positive x axis to @b{ray( (x@-(j), y@-(j)) x@-(i), y@-(i)) )} if (@b(k) @math(@gte) @b{0})
@b{CCW(k, j, i)} = the CCW angle from @b{ray( (x@-(k), y@-(k)) (x@-(j), y@-(j)) )} to @b{ray( (x@-(j), y@-()) (x@-(i), y@-(i)) )}
@i(initialize) @\ @\stack@-(0) @math(@leftarrow) -1 @\stack@-(1) @math(@leftarrow) 0 @\stack@-(2) @math(@Ieftarrow) 1
@\pathangl@-(1) @math(@leftarrow) 0 @\pathangl@-(2) @math(@Ieftarrow) CCW(-1, 0, 1) @\cumangl @math(@leftarrow) pathangl@-(2)
@\sp @math(@leftarrow) 2 @i(compute) @\for i = 2 to n @\@\ @\@\cumangl @math(@Ileftarrow) cumangl + CCW(i-2, i-1, i) @\@\@i(update
cumangl and pathangl) @\@\pathangl@-(sp+1) @math(@leftarrow) pathangl@-(sp) + CCW(stack@-(sp-1), stack@-(sp), i) @\@\ @\@\if
pathangl@-(sp+1) - cumangl > .1 @\@\@\@i(test for disagreement) @\ @\@\@\sp @math(@leftarrow) sp - 1 @\@\@\@\@i(reject i-1)
@\@\@\pathangl@-(sp+1) @math(@Ieftarrow) pathangl@-(sp) + CCW(stack@-(sp-1), stack@-(sp), i) @\@\@\ @\@\while sp > 1 and
pathangl@-(sp+1) @math(@Ite) pathangl@-(sp) @\@i(test for right turn) @\@\ @\@\@\sp @math(@Ieftarrow) sp - 1 @Q\@\@\@\@i(reject
stack@-(sp)) @\@\@\pathangl@-(sp+1) @math(@leftarrow) pathangl@-(sp) + CCW(stack@-(sp-1), stack@-(sp), i) @\@\@\ @\@\sp
@math(@leftarrow) sp + 1 @\@\stack@-(sp) @math(@leftarrow) i @\end @newpage @section(CCW Convex Rope Algorithm)
@blankspace(.25 inch) INPUT: @b[(x@-(i), y@-(i))], for @b[0 @math(@Ite) i @math(@Ite) n], are the cartesian coordinates of the vertices of
the polygon. Vertex @b(0) is extremal in the negative x direction. Vertices @b(0) and @b(n) are equivalent. The polygon is traversed in a CCW
sense with increasing subscript. OUTPUT: @b(stack@-(i)) are the vertex numbers of the vertices on the convex hull. @b(source@-(i)) is the
vertex preceding @b(i) on the CCW convex rope to @b(i) @b[(shadow@-(i)@math(-)1, shadow@-(i))] is the segment which first intersects
@b(ray(source@-(i), i)) THE ALGORITHM: @i(definition of function) @b{CCW(K, j, i)}, ranging from -@g(p) to @g(p): if (@b(K) =
@b{@math(-)1}) @b{CCW(k, ], i)} = the CCW angle from the positive x axis to @b{ray( (x@-(j), y@-(j)) (x@-(i), y@-(i)) )} if (@b(k)
@math(@gte) @b{0}) @b{CCW(k, ], i)} = the CCW angle from @b{ray( (x@-(k), y@-(k)) (x@-(j), y@-(j)) )} to @b{ray( (x@-(j), y@-(j))
x@-(i), y@-(i)) )} @i(initialize) @\ @\stack@-(0) @math(@leftarrow) @math(-)1 @\stack@-(1) @math(@leftarrow) 0 @\stack@-(2)
@math(@leftarrow) 1 @\pathangl@-(1) @math(@leftarrow) 0 @\pathangl@-(2) @math(@Ieftarrow) CCW(@math(-)1, 0, 1) @\cumangl@-(1)
@math(@Ileftarrow) pathangl@-(2) @\sp @math(@leftarrow) 2 @\source@-(1) @math(@leftarrow) 0 @\mostcw(0) @math(@Ieftarrow) {1}
@i(compute) @\for i = 2 to n @\@\ @\@\cumangl@-(i) @math(@Ieftarrow) cumangl@-(i@math(-)1) + CCW(i@math(-)2, i@math(-)1, i)
@\@\@i(update cumangl and pathangl) @\@\pathangl@-(sp+1) @math(@leftarrow) pathangl@-(sp) + CCW(stack@-(sp@math(-)1), stack@-
(sp), i) @\@\ @\@\if pathangl@-(sp+1) @math(-) cumangl@-(i) > .1 @\@\@\@i(test for disagreement) @\ @\@\@\sp @math(@leftarrow) sp
@math(-) 1 @\@\@\@\@i(reject i@math(-)1) @\@\@\pathangl@-(sp+1) @math(@leftarrow) pathangl@-(sp) + CCW(stack@-(sp@math(-)1),
stack@-(sp), i) @\@\@\ @\@\while sp > 1 and pathangl@-(sp+1) @math(@Ite) pathangl@-(sp) @\@i(test for right turn) @\@\
@\@\@\shadow(stack@-(sp)) @math(@Ieftarrow) i @\@\@\sp @math(@Ieftarrow) sp @math(-) 1 @\@\@\@\@i(reject stack@-(sp))
@\@\@\pathangl@-(sp+1) @math(@Ileftarrow) pathangl@-(sp) + CCW(stack@-(sp@math(-)1), stack@-(sp), i) @\@\@\ @\@\let v at all times
represent the last element of mostcw(stack@-(sp)) @\@\while CCW(stack@-(sp), v, i) > 0 @\@\@\if segment(stack@-(sp), v) intersects
segment(i@math(-)1, i) @\@\@\or if pathangl@-(sp) + CCW(stack@-(sp@math(-)1), stack@-(sp), v) @\@\@\@\@\ + CCW(stack@-(sp), v,
v+1) @math(-) cumangl@-(v+1) > .1 @\@\@\@\source@-(x) @math(@leftarrow) @math(-)1, v @math(@lte) x < i@\@i[old most-CW is
invalid. ] @\@\@\@\unlink last element of mostcw(stack@-(sp)) @\@\@\else @\@\@\@\pathangl@-(sp+1) @math(@leftarrow)
pathangl@-(sp) + CCW(stack@-(sp@math(-)1), stack@-(sp), i) @\@\@\@\sp @math(@Ileftarrow) sp + 1@\@\@i[stack@-(sp) is wrong. extend
the path] @\@\@\@\stack@-(sp) @math(@Ileftarrow) v @\@\source@-(i) @math(@leftarrow) stack@-(sp) @\@\link i to mostcw(stack@-(sp))
@\@\sp @math(@Ileftarrow) sp + 1 @\@\stack@-(sp) @math(@Ileftarrow) i @\source@-(0) @math(@Ileftarrow) source@-(n) @\end
@end(flushleft) @newpage @section(Description of CCW Convex Rope Algorithm) @blankspace(.25 inch) The CCW convex rope algorithm is
built upon an order @i(n) algorithm for finding the convex hull, described fully in@cite[Peshkin-hull]. Both algorithms make use of a
@i(cumulative angle) calculated for each side of the polygon. A vector from vertex @b{i-1} to vertex @b{i} will be called
@b{vector}(@b{i-1}, @b{i}). We associate the cumulative angle of this vector with vertex @b{i}, calling it @b{cumangl}(@b{i}).
@b{Cumangl}(@b{1}) is defined to be the angle of @b{vector}(@b{0}, @b{1}) with respect to the positive x axis. Each subsequent
cumulative angle, @b{cumangl}(@b{i}), is obtained from the previous cumulative angle @b{cumangl}(@b{i-1}), by adding to it the CCW
angle from @b[vector(i-2, i-1)] to @b[vector(i-1, i)]. If @b{vector}(@b{i-1}, @b{i}) is CCW (i.e., to the left) of @b{vector}(@b{i-2},
@b{i-1}), we assign it a higher cumulative angle. @b{Cumangl}(@b{i}) is just the angle of @b{vector}(@b{i-1}, @b{i}) with respect to the
x-axis, but with an integer multiple of 2@g(p) added on. The cumulative angle is @i(not) treated modulo 2@g(p). @b{Pathangl}(@b{j}) is the
angle of @b[vector(stack(j-1), stack(j))] with respect to the x axis, with an integer multiple of 2@g(p) added on. Unlike @b{cumangl}, which is
computed by following the edges of the polygon, @b{pathangl} is computed by following segments of the convex path defined by the vertices on
the stack. The algorithm as presented here finds the CCW ropes for a CCW description of a polygon. By reversing all the comparisons, the CW
ropes for a CW description can be found. Of course a CCW description can be transformed into a CW description by reversing the sequence of
the vertices. In addition to the simple stack used in the convex hull algorithm, the convex rope algorithm uses several other data structures. The
array @b(source@-(i)) contains, at the completion of the algorithm, the @i(source vertex) @b(j) for each externally visible vertex @b(i). For
most of the vertices which are not externally visible, @b(source@-(i)) will be undefined (as indicated by a negative value). Under certain
conditions a CCW source will be assigned to a vertex @b(i), but no CW source will be assigned when the algorithm is applied to the reversed
object, (or vice versa.) Only externally visible vertices have both a CCW and a CW source. The array @b(shadow@-(j)) contains the value of
@b(i) at which vertex @b(j) was removed from the stack. Since @b(i) was the @i(first) vertex which could remove @b(j), @bI[(k, j, i-1)] must
be convex (Figure 8), while @b[(k, j, i)] is concave. Therefore, @b(line(k, j)) must intersect @b(segment(i-1, i)). Since @b(K) is the source
vertex for @b(j), vertex @b(i) is @b(shadow@-(j)). Finally, @b(mostcw(j)) contains data used internally by the algorithm. It can be thought of
as a set of stacks, one for each vertex @b(j) although for economy of space it is best implemented as linked lists. The @i(most recent) element
linked to list @b(mostcw(j)) is the most CW vertex @b(h) (measured from @b(j)), for which @b(source@-(h)) = @b(j). When a new vertex
@b(i) is encountered for which @b(source@-(i)) = @b(j), vertices @b(i) and @b(h) are compared to see which is most CW from @b(j). If @b(i)
is more CW than @b(h), @b(i) is linked to list @b(mostcw(j)). If, however, @b(i) is not more CW than @b(h), this indicates that @b(j) is not
truly the source for both @b(i) and @b(h). There are three distinct cases where @b(i) is not more CW than @b(h), as illustrated in Figure 9.
Vertex @b(h) could be @b(A), @b(B), or @b(C), and in each case the new vertex @b(i) is CCW of @b(h). If @b(h) = @b(A), the path to @b(i)
intersects the polygon. This results from the removal of vertices from the convex path which must now be reattached. The proper response is to
reattach @b(h) = @b(A) to the path between @b(j) and @b(i). If @b(h) = @b(B) or @b(C), then @b(h) in fact properly has no source; it is not
externally visible. The record of source vertices for @b(h) through @b(i-1) is destroyed. Vertex @b(h) is unlinked from list @b(mostcw(j)),
leaving some other vertex as the most CW (or none). Case @b(B) can be recognized by the concavity of @b(h) = @b(B) with respect to @b(j)
and @b(i). Case @b(C) can be recognized by the fact that the segment of the polygon from @b(i-1) to @b(i) intersects the segment of the convex
path from @b(j) to @b(h) = @b(C). Case @b(A) is recognized as the absence of case @b(B) or @b(C). When the cause is found to be case
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@b(A), vertices are added to the stack. Unlike the convex hull algorithm, it is not assured that each vertex is added to the stack once and removed
at most once. Therefore the algorithm may require more than order @i(n) steps. In Figure 10 we have an example of a pathological object, which
requires the CCW rope to wind and unwind itself from the faceted curved surface once for each tooth on the comb structure. With almost @i(n/2)
facets, and @i(n/4) teeth, this requires order @i(n)@+(2) steps. We can loosely define @i(complexity) as the number of zigs and zags of an
object, or the number of turns needed to get to a point deep inside it. @i(Density) is the number of vertices used in the description of a feature of
an object. Then the CCW rope will have to wind and unwind a number of times similar to the complexity, and each winding or unwinding will
involve a number of vertices similar to the density. The expected number of steps is roughly the product of complexity and density. Since the
number of features is also similar to the complexity, the total number of vertices will be roughly the product of the complexity and the density.
The number of vertices and the number of steps required are expected to be of the same order. In the absence of a theory of random polygons, we
have not been able to find the expected number of steps in a more rigorous manner. To test the algorithm, we have run it on 25000 randomly
generated polygons, each having 53 or 58 sides. No errors were encountered. The rope algorithm has been timed for a wide range of randomly
generated polygons, as well as for several demonstration polygons. The number of calls to the @b(CCW) function is a good measure of the
number of steps the algorithm requires. On polygons from size @b(n)=10 to @b(n)=1000, the number of calls to @b(CCW) was consistently
close to 8@b(n). For comparison, the maximum number of calls to @b(CCW) in the convex hull algorithm is 5@b(n). @newpage
@section(Conclusion) @blankspace(.25 inch) The algorithm discussed above takes a polygon with @i(n) sides, and in expected time of order
@i(n), identifies all of the externally visible vertices and all of the reachable pairs of vertices. It determines the available clearance of each
surface or virtual surface found. It divides the surfaces into two classes, so that by choosing one surface from each to form a grasp, the matter
distribution requirement@cite(laugier81) can be fulfilled with no computation. Previous strategies for grasp selection have been based on grasp
generators which produce mostly unreachable grasps, followed by filters to remove the unreachable grasps. In the algorithm described here
appropriate geometric constructions are used to avoid generating the unreachable grasps. For objects of substantial complexity, this strategy
results in reduced computational complexity for the grasp selection process. @blankspace(.5 inch) @section(Acknowledgements)
@blankspace(.25 inch) The authors acknowledge the helpful suggestions of Randy Brost, Mark Cutkosky, and Marc Raibert.





